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New Properties of Besov and Triebel-Lizorkin 
Spaces on RD-Spaces 

Dachun Yang and Yuan Zhou 



Abstract An RD-space X is a. space of homogeneous type in the sense of Coifman 
and Weiss with the additional property that a reverse doubhng property holds in X. In 
this paper, the authors first give several equivalent characterizations of RD-spaces and 
show that the definitions of spaces of test functions on X are independent of the choice 
of the regularity e S (0, 1); as a result of this, the Besov and Triebel-Lizorkin spaces 
on X are also independent of the choice of the underlying distribution space. Then the 
authors characterize the norms of inhomogeneous Besov and Triebel-Lizorkin spaces by 
the norms of homogeneous Besov and Triebel-Lizorkin spaces together with the norm of 
local Hardy spaces in the sense of Goldberg. Also, the authors obtain the sharp locally 
integrability of elements in Besov and Triebel-Lizorkin spaces. 



1 Introduction 

The theory of Besov and Triebel-Lizorkin spaces plays an important role in various 
fields of mathematics such as harmonic analysis, partial differential equations, geometric 
analysis and etc; see, for example, [20, 17, 18, 19]. Recently, Besov and Triebel-Lizorkin 
spaces on metric measure spaces obtained a rapid development; see [9, 13, 5, 20]. 

We first recall the definitions of spaces of homogenous type in [3, 4] and RD-spaces in 
[9]. In this paper, we always assume that {X,d) is a metric space with a regular Borel 
measure fi such that all balls defined by d have finite and positive measures. In what 
follows, set diam {X) = sup{d(x, y) : x, y € X} and for any x & X and r > 0, set 
B{x,r) = {y £ X : d{x,y) < r}. 

Definition 1.1. (i) The triple {X,d,fi) is called a space of homogeneous type if there 
exists a constant Cq G (1, oo) such that for all x £ X and r > 0, 

(1.1) fj,{B{x,2r)) < Cofi{B{x,r)) {doubling property). 
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(a) The triple {X,d,fi) is called an RD-space if it is a space of homogeneous type and 
there exist constants oq, Cq G (1, oo) such that for all x G X and < r < diam {X)/ao, 

fj,{B(x, aor)) > Coii{B{x,r)) {reverse doubling property). 

It is easy to see that X is an RD-space if and only if it is a space of homogeneous type 
and there exists a constant So € (1, oo) such that for all a; G A' and < r < diam {X)/aQ, 
li{B(x,aQr)) > 2iJ,(B{x,r)). We will establish several other equivalent characterizations 
of RD-spaces in Proposition 2.1 below. 

The following spaces of test functions play a key role in the theory of function spaces 
on RD-spaces; see [8, 9]. In what follows, for any x, y E X and r > 0, set V{x,y) = 
IJ,{B(x,d{x,y))) and Vr{x) = iJ,{B{x,r)). 

Definition 1.2. Let xi £ X , r £ (0, oo), /? G (0, 1] and 7 G (0, 00). A function ip on X is 

called a test function of type (xi,r, /3,7) if there exists a nonnegative constant C such that 

r 17 

(i) \^p{x)\ < C y,,}y,. r+dL..) for all x £ X ; 



' Vr(xi)+V[xi,x) 

(ii)\<p{x)-^{y)\<C 
that d{x, y) < [r + d{xi , x] 



r+d{xi ,x) 

d{x,y) "[^ 
r+d{xi,x) Vr(xi)+V{xi,x) r+d{xi,x) 

)]/2. 

The space 0{xi,r, (3,^) of test functions is defined to be the set of all test functions 
of type (a;i,r,/3,7). // 9? G Q{xi,r, (3,'y), its norm is defined by \\^\\g(xi,r,fSn) = inf{C : 
(z) and (ii) hold}. 

Throughout the whole paper, we fix xi £ X and let Q{P,^) = Q{xi, l,/3,7). It is easy 
to see that G{f3,j) is a Banach space. 

For any given e G (0, 1], let Qq{P,j) be the completion of the space Q{e, e) in Q{P,j) 
when (3, ^ £ (0,e]- Obviously, Q^ie^e) = G{e,e). Moreover, it is easy to see that ip G 
GoiP,^) if and only if 99 G Q{(3,^) and there exists {4>i}i£N C ^(e,e) such that \\(p — 
^«lb(/3,7) ^> as i ^ 00. If <^ G GoiP,-/), define M\g^{)3,^) = M\g()3,-,)- Obviously, Qoi/3,j) 
is a Banach space and ||¥'||0^(^,7) = liiHi-^-oo ll^i|l6(/3,7) above chosen {^jjigN. Let 

(^0(1^' 7))' bounded linear functionals / from t/Q(/3,7) to C. Denote by 

(/,(/?) the natural pairing of elements / G (^o(/^'7))' ^ ^ Go{P,j)- 

In what follows, we define 

g(xi,r,/3,7) = |/Gg(xi,r,/3,7) : j J {x) diJi{x) = Q 

The space ^o(/^'7) is defined to be the completion of the space Q{e,e) in Q{P,j) when 
/3, 7 G (0,e]. Moreover, if / G GqW,-/), we then define = ll/llg(/3,7)- 

One of the main targets of this paper is to show that spaces of test functions are 
independent of the choices of e G (0, 1) via the continuous Calderon reproducing formulae. 

Theorem lA. Let e, e G (0,1) and < P, 7 < (e Ae). Then Go{P,l) = GUP^i) and 

W,i) = W,i)- 
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The proof of Theorem 1.1 will be given in Section 3. 

Based on the above spaces of test functions, the homogeneous Besov spaces Bp q{X) 
and Triebel-Lizorkin spaces ^(X), and the inhomogeneous Besov spaces and 
Triebel-Lizorkin spaces Fp g{A!) on RD-spaces were introduced in [9]; see also Definitions 
4.1 through 4.3 below. As a corollary of Theorem 1.1, we see that the Besov and Triebel- 
Lizorkin spaces are independent of the regularity of the underlying distribution space; see 
Corollary 4.1 below. 

Recall that the local Hardy space /i^(A') with p G {n/{n + 1), oo) is just the inhomo- 
geneous Triebel-Lizorkin space 2('^); see [9, Theorem 5.42]. 

Recently, Koskela and Saksman [11] characterized the Hardy-Sobolev space by using 
some Hajlasz-Sobolev space on R". Motivated by this, as another main target of this 
paper, in Theorem 1.2 below, we characterize the norms of inhomogeneous Besov spaces 
and Triebel-Lizorkin spaces by the norms of homogeneous Besov and Triebel-Lizorkin 
spaces together with the norm of local Hardy spaces in the sense of Goldberg (see [6]). 

Theorem 1.2. Let //(A") = oo and X have the "dimension" n as in (2.2) below. Let 
s G (0,1) and p G {n/{n + s),oo). Let {iSfelfcgz be an approximation of the identity of 
order 1 with hounded support as in Definition 3.1 and set Dk = 5*^ — Sk-i for all A; G Z. 
(i) Ifq G (0,oo], then f G B^ g{X) if and only if f e hP{X) and 

{oo 
y: 2''^^D,{f)\\%^^^ 
k=—oo 

moreover, \\f\\B}^g{x) is equivalent to \\f\\hp{x) + Ji- 

(a) If q & {n/{n + s), oo], then f G Fp g{X) if and only if f & hP{X) and 




oo ^ V? 

J2 2'=^«|L>fe(/)r 



, k=—oo 



= J2 < oo; 

LP{X) 



moreover, WfWp^^ix) is equivalent to \\f\\hp(x) + <^2- 

The proof of Theorem 1.2 is given in Section 4. 

Remark 1.1. (i) It is known that when p G (l,oo), hP{X) = LP{X) and when p G 
{n/{n + 1), 1], {hP{X) n L\^^{X)) C LP{Xy, see [9]. Thus, when p G (ra/(n + 1), 1], even 
for the Euclidean space R", Theorem 1.2 is also an improvement of the known classical 
results; see [18, Theorem 2.3.3]. 

(a) Theorem 1.2 with p G [l,oo] and hP{X) replaced by LP{X) was obtained in [9, 
Proposition 5.39]. However, differently from the Euclidean space (see [18, Theorem 2.3.3]), 
it is unclear if Theorem 1.2 is still true if hP{X) is replaced by IJ'{X) when p G {n/{n + 
s),l). 

(Hi) When p = 00, it is known that Fp2{X) = bmo {X); see [9, Theorem 6.28]. In this 
case, if we replace hP{X) by bmo (A*) in Theorem 1.2, all conclusions of Theorem 1.2 are 
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still true. This can be deduced from the corresponding conclusions described in (ii) of this 
remark and an easy argument as in the proof of Theorem 1.2. 

(iv) Usually, it makes no sense to write the conclusions of Theorem 1.2 into Bp^^^X) = 
{hP{X) r\Bp g{X)) and Fp^^{X) = {hP{X) n Fp g{X)), since homogeneous and inhomoge- 
neous spaces are defined via different kinds of spaces of distributions, which was pointed 
out by Professor Hans Triebel to the first author. 

In Section 5 of this paper, via the discrete Calderon reproducing formulae in [9], 
we study the locally integrability of elements in Besov and Triebel-Lizorkin spaces; see 
Propositions 5.2 and 5.3 below. Such results on were obtained by Sickel and Triebel 
[16]. However, the method used in [16] is not valid for RD-spaces X, since there exists 
none counterpart on X of the embedding theorems for different metrics as in Triebel [17, 
p. 129] on M"; see the proof of [16, Theorem 3.3.2]. 

The results in this paper apply in a wide range of settings, for instance, to Ahlfors 
ra-regular metric measure spaces (see [10]), d-spaces (see [20]), Lie groups of polynomial vol- 
ume growth (see [21, 15, 1]), (compact) Carnot-Caratheodory (also called sub-Riemannian) 
manifolds with doubling measures (see [15, 7]) and to boundaries of certain unbounded 
model domains of polynomial type in appearing in the work of Nagel and Stein (see 
[14, 15]). 

Remark 1.2. We point out that in the original definition of spaces of homogeneous type 
in [3, 4], d is only assumed to be a quasi-metric instead of a metric. As pointed out by 
[9, Remark I.4], all the results in this paper are still true for quasi-metrics having some 
regularity. Moreover, Macias and Segovia [12] proved that if d is a quasi-metric, then 
there exists a quasi-metric d, which is equivalent to d and has some regularity. Thus, all 
the results of this paper are still true if d is only known to be a quasi-metric since they are 
invariant under equivalent quasi-metrics. 

Finally, we state some conventions. Throughout the paper, we denote by C a positive 
constant which is independent of the main parameters, but it may vary from line to line. 
Constants with subscripts, such as Co, do not change in different occurrences. The symbol 
A< B 01 B> A means that A < CB. liA<B and B < A.vfc then write A^ B. For any 
p € [1, 00], wc denote by p' its conjugate index, namely, l/p+ 1/p' = 1. If -E is a subset of 
X, we denote by xe the characteristic function of E and define diam£^ = sup^, ^^g^; d(x, y). 
We also set N = {1, 2, • • • } and Z_|_ = N U {0}. For any a, b e M, we denote min{a, b}, 
max{a, 5}, and max{a, 0} by a A 6, a V 6 and a+, respectively. For any measurable set E 
and locally integrable function /, we set mE{f) = j^f{x)d^{x). 

2 Characterizations of RD-spaces 

In this section, we establish several equivalent characterizations of RD-spaces in Propo- 
sition 2.1 below, which should be useful in applications. 

Proposition 2.1. The following statements are equivalent, 
(i) The triple {X, d, /x) is an RD-space. 
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(a) The triple {X, d, fj,) is a space of homogeneous type and there exists a constant 

00 > 1 such that for all x G X and < r < diam {X)/ao, 

(2.1) B{x,aor) \ B{x,r) ^ {geometrical property). 

(Hi) The triple {X, d, ii) is an (/t, n)-space for some < k < n, which means that there 
exist constants Ci > 1 and < C2 < 1 such that for allxE:X,0<r<2 diam (X) and 

1 < A < 2diam{X)/r, 

(2.2) m(S(x, Ar)) < CiA"/i(5(x, r)) 
and 

(2.3) fi{B{x, Ar)) > C2AV(S(x, r)). 

Recall that a metric space satisfying (2.1) is usually called uniformly perfect; see, for 
example, [10, p. 88]. Moreover, parts of the proof of Proposition 2.1 can be found in [10], 
for example, the proof of "(ii) implies (iii)" in Proposition 2.1 is just [10, p. 31, (4.6) and 
p. 102, Exercise 13.1]. (We thank the referees to point out these facts to us.) However, 
for the convenience of readers and its importance in applications, we would like to give a 
detailed proof of Proposition 2.1. Indeed, we conclude Proposition 2.1 from Lemmas 2.1 
through 2.4 below. 

Lemma 2.1. The following statements are equivalent. 

(Dl) There exist constants Ci > 1, eo > 1 ^.i^'d n > such that (2.2) holds for all 
X G Af, < r < eo diam {X) and 1 < A < eo diam {X)/t. 

(D2) There exist constants Ci > 1, eo > 1 and n > such that (2.2) holds for all 
X G .Y, < r < eo diam {X) and A > 1. 

(D3) There exist constants Ci > 1 and n > such that (2.2) holds for allx G X , r > Q 
and A > 1. 

(D4) {X, d, fi) is a space of homogeneous type. 

Proof. If diam (A:") = 00, then (Dl), (D2) and (D3) of Lemma 2.1 are the same; otherwise, 
it is easy to see that (Dl) implies (D2), (D2) imphes (D3) and (D3) imphes (Dl). Moreover, 
(D3) implies (D4) with the doubling constant Co = Ci2" and (D4) implies (D3) with 
n = log2 Co and Ci = Co, which completes the proof of Lemma 2.1. □ 

Lemma 2.2. The following statements are equivalent. 

(RDl) There exist constants ei > 0, < C2 < 1 and k > such that (2.3) holds for 
all X £ X , < r < ei diam (X) and 1 < A < ei diam {X)/r. 

(RD2) For any ei > 0, there exist constants < C2 < 1 and k > such that (2.3) 
holds for all X G X , Q < r < ei diam {X) and 1 < A < ei diam {X)/r. 

(RD3) There exist constants ei > 0, C2 > 1 and ai G (1, 00) H [ei, 00) such that for 
all X £ X and < r < ei diam {X) / ai , 

(2.4) ix{B{x, air)) > C2m(5(x, r)). 

(RD4) For any ei > 0, there exist constants C2 > 1 and ai G (1, 00) fl [ei, 00) such 
that (2.4) holds for all x & X and < r < ei diam {X)/ai . 
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Proof. Obviously, (RD2) implies (RDl) and (RD4) implies (RD3). Moreover, (RDl) im- 
plies (RD3) by choosing ai G (1, oo) n [ei, oo) such that C2 = C2a,i > 1. 

Now we prove (RD3) implies (RDl). Let ei be as in (RD3), k = log^^ C2 and C2 = C2^- 
Assume that of < A < a{~^^ for some i > 0. Then for all < r < ei diam (X) and 
1 < A < ei diam {X)/r, we have 

n{B{x, Ar)) > ix{B{x, air)) > C^fx{B{x, r)) > C^^X^niBix, r)). 

By the same proof as above, we also have that (RD4) implies (RD2). 

Now we prove (RDl) implies (RD2). In fact, if < £2 < ei, then (RD2) holds for 
€2- If €2 > ei, then since (RDl) holds for ei, to prove that (RD2) also holds for €2, we 
still need to prove that if ei diam {X) < r < 62 diam {X) and 1 < A < 62 diam {X)/r, or if 
< r < ei diam {X) and ei diam {X)/r < A < 62 diam {X)/r, then 

n{B{x, Ar)) > C2X''fi{B{x, r)). 

In fact, if eidiam(A') <r< €2 diam (A") and 1 < A < €2 diam (A')/r, then 1 < A < €2/61, 
and hence 

fi{B{x, Ar)) > [e2/ei]-'^AV(5(x, r)). 
If < r < ei diam {X) and ei diam {X)/r < A < e2( diam A')/r, choosing 

A = maxjei diam (A')/(2r), 1}, 

then A/A > ei/(2e2)- In fact, if r > ei diam (A')/2, then A = 1 and hence A/A > ei/e2, 
and if^r < ei diam (A')/2,^then A = ei diam (^)/(2r) and hence A/A > ei/(2e2). Since 
B{x, Ar) C B{x, Ar) and Ar < ei diam (X), we have 

n{B{x, Ar)) > ^(S(x, Ar)) > C2(A)XS(x, r)) 

= C2(A/A)«AV(5(x, r)) > C2[ei/{2e2)rX''fx{B{x, r)), 

which is desired. 

By the same proof as above, (RD3) also implies (RD4), which completes the proof of 
Lemma 2.2. □ 

Lemma 2.3. The following geometric properties are equivalent. 

(Gl) There exist constants eo > and oq G (1, 00) n [eo, 00) such that (2.1) holds for 
all X & X and < r < eo diam {X) / oq . 

(G2) For any eo > 0, there exist constants oq G (1, 00) H [cq, 00) such that (2.1) holds 
for all X ^ X and < r < cq diam {X)/aQ. 

Proof. (G2) obviously implies (Gl). On the other hand, if ei < eo, since (Gl) holds for 
cq, then (G2) holds for ei with the same oq. If ei > cq, taking ai = aoei/eo, we know that 
(G2) holds for ei and oi, which completes the proof of Lemma 2.3. □ 

Lemma 2.4. (i) (RD3) implies (Gl) with the same constants. 

(a) If eo > 1, then (Gl) and (D3) imply (RD3) with ei = eo/2 and ai = 1 + 2ao. 
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Proof, (i) obviously holds. To see (ii), if < r < ei diam ( )/ao , we then have < 

2r < eodiam(A')/ao. Thus, by (Gl), we have B{x, 2aor) \ B{x, 2r) 7^ 0. Choose y G 
B{x, 2aor) \ B{x, 2r). Then B{y, r) n B{x, r) = 0. Notice that 

B{y, r) C B{x, [1 + 2ao]r) C B{y, [1 + 4ao]r). 

By (D3), we have 

/x(S(x, [1 + 2ao]r)) > r)) + r)) 

> ii{B{x, r)) + C^\l + 4ao)-"/i(i?(y, [1 + 4ao]r)) 

> n{B{x, r)) + Cf ^(1 + 4ao)-XS(x, [1 + 2ao]r-)), 

which implies that iJ,{B{x, air)) > C2/i(i?(x, r)) with ai = 1 + 2ao and 

C2= [l-Cf^(l + 4ao)-"]"' >1. 

This implies that (RD3) holds and hence finishes the proof of Lemma 2.4. □ 

Proof of ProposifAon 2.1. Notice that X is an RD-space if and only if X satisfies (D4) and 
(RD3) with €1 = 1, C2 = 2 and oq = ai; X is an (k, n)-space if and only if X satisfies (Dl) 
and (RDl) with ei = eo = 2; satisfies (ii) of Proposition 2.1 if and only if X satisfies 
(D4) and (Gl) with eo = 1- Then Proposition 2.1 follows from Lemmas 2.1 through 2.4, 
which completes the proof of Proposition 2.1. □ 

By the well-known fact that connected spaces are uniformly perfect (see, for exam- 
ple, [10, p. 88]), as a corollary of Porosition 2.1, we know that all connected spaces of 
homogeneous type are RD-spaces. 

Remark 2.1. (i) The numbers k and n appearing in the definition of {k, n)-space here 

measure the "dimension" of X in some sense. 

(ii) We point out that the definition of {k, n) -spaces X is slightly different from that 
of [9, Definition 1.1], where (2.3) and (2.2) are assumed to hold only when < r < 
diam(Af)/2 and 1 < A < diam (-%')/(2r), from which it is still unclear how to deduce that 
X is a space of homogeneous type when diam (^) < 00. 

(Hi) By Proposition 2.1, the definition of RD-spaces in [9, Definition 1.1] is equivalent 
to Definition 1.1. 

3 Properties of spaces of test functions 

We prove Theorem 1.1 in this section. To this end, we need the homogeneous and 
inhomogeneous Calderon reproducing formulae established in Theorems 3.10 and 3.26 of 
[9], respectively. 

We begin with the following notion of approximations of the identity on RD-spaces 
introduced in [9]; see [9, Theorem 2.6] for its existence. 
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Definition 3.1. (I) Let ei G (0, 1] . A sequence {Sk}kQZ of bounded linear integral operators 
on L^{X) is called an approximation of the identity of order e\ with bounded support, if 
there exist constants C3, C4 > such that for all k G Z and all x, x' , y and y' & X , 
Sk{^^y)j ih^ integral kernel of is a measurable function from, X x X into C satisfying 

(i) Sk{x,y) = ifd{x,y) > 0^2'^ and \Sk{x,y)\ < C3 v^_k(x}+V^_k{y) ' 

(ii) \Sk{x,y) - Su{x\y)\ < ^32^- ^,^15'+^.. fa) d{x,x') < max{C4, l}2l-^■ 
(Hi) Property (ii) holds with x and y interchanged; 

(iv) \[Sk{x,y)-S,{x,y')]-[S,{x',y)-S,{x',y')]\ < Cs2''^^^l^^^^^^^ for d{x,x') < 

max{(74, l}2i-'= and d{y,y') < max{C4, 1}2^-''; 

(v) J;^Sk{x,w)dn{w) = 1 = J.^Sk{w,y)dn{w). 

(II) A sequence {Sk}k&+ of linear operators is called an inhomogeneous approximation 
to the identity of order e\ with bounded support, if Sk for k G Z+ satisfies (I). 

Lemma 3.1. Let e G (0, 1) and {Sk}kez be an approximation of the identity of order 1 
with bounded support. Set = Sk — Sk~i for k € Z. Then there exists a family {Dk}^^^ 
of linear operators such that for all f G Gq{/3, 7) with 7 G (0, e), 

00 

f= J2 DkDkif), 

k=—oo 

where the series converges in both the norm of Qq{P,^) and the norm, of L^{X) for p G 
(1,00). Moreover, for any e' G (e, 1), there exists a positive constant C^i such that the 
kernels, denoted by {Di;(x,y)}kez, of the operators {Dk}k&z satisfy that for allx, x', y G 
X, 

(i) \Dk{x,y)\ < C^' v^_^{x)+v^lk(y)+v(x,y) [2-4d(x,y)]^' ' 



(ii) \Dkix,y) - Dk{x',y)\ < C, [^-^^g^J V,.,(.)+V,\{y)+Vix,y) [2-^+i,y)Y' -^^^ 
d{x,x') < [2-k + d{x,y)y2- 



(Hi) Dk{x, w) dn{w) = = Dk{w, y) dii{w). 

The following is the inhomogeneous version of Lemma 3.1. 

Lemma 3.2. Let e G (0, 1) and {Sk}ke.'L+ be an inhomogeneous approximation of the 
identity of order 1 with bounded support. Set Dk = Sk — Sk-i for A; G N and Dq = Sq. 
Then there exists a family {-Dfejjfcez,,. of linear operators such that for all f G Go{P,j) with 
P, 7e(0,e), 

00 

f = J2DkDk{f), 

k=0 

where the series converges in both the norm of GoiP,^) and the norm of LP{X) for 
p G (l,cx)). Moreover, for any e' G (e, 1), there exists a positive constant C^i such that 
the kernels, denoted by {Dk{x,y)}kez+, of the operators {-Dfe}ifc6Z+ satisfy (i) and (ii) of 
Lemma 3.1 and 
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(in)' J-^ Dq{x,w) dfj,{w) = 1 = J.^ Do{w,y) dfj,{w) and for all k G N, J-^ Dk{x,w) dfi{w) = 
= IxDk{w,y)dfi{w). 

Proof of Theorem 1.1. Without loss of generality, we may assume that e < e. Since 
g(?,e) C g{€,e) and g(?,e) C a(e,e), we then have a^(/3,7) C a^(/3,7) and g^(/3,7) C 

We now show that GoiPj^) C ^q(/3,7). To this end, it suffices to prove that 



(3.1) 



To do so, choose a radial function cj) G C"^(M) such that supp(/> C (—2, 2) and (j){x) = 1 if 
X e (-1, 1). Fix any ip £ g{e, e). For all G N and all xeX, let Viv(a;) = 
We first show that as TV ^ oo. 



(3.2) 

In fact, for all x E X, we have 



- V'ivlb(/3,7) 0. 



(3.3) 



IV'(x) - Viv(a;)| 



d{x,xi] 
N 



^ ll^""^(-)F,(x,) + F(.„a:) 

IIV'llg(e,e)^ 



1 + d(a;, xi) 



< 



'l^i(xi) + F(xi,x) 



X{a;eA': d(x,xi)>N} 
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(x) 



1 + d{x, xi) 



Notice that if d{x,y) < |[1 + d{x,xi)] and d{x,xi) < 2N, then Vi{xi) + y(xi,y) > 
Vi(xi) + V{xi,x), 1 + d{xi,y) > 1 + d(xi,a;) and d{y,xi) < 3N + 1/2, which imply that 
for all X, y e X with d{x, y) < [1 + d{y, xi)]/2, 



(3.4) 



x) - ^Nix)] - [Tpiy) - TpN{y)]\ 
[V'(x) - tpiy)] 



l-<^ 


/ d{x,xi)\ 




[ N )\ 



f d{y,X]) \ _ / d{x,X]) 



< 



ll^lb(e,e) 



\ N J 
1 

+ 



1 



N'-l^ N{l-l3)A(e-'y) 



d{x,y) 
1 + d{x, xi) 



1 



V\{xi) + V{xi,x) + d{x,xi) _ 



Combining the estimates (3.3) with (3.4) yields 



V'iv|b(;3,7) ^ ll^lb(e,6) 



1 



+ 



1 



Ar«-/3 Ar(i-/5)A(e-7) 



0, 
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as iV — >■ oo. It is easy to see that i/jn € Q{e, e') for any e' > by noticing that ■^jv has 
bounded support. In particular, ■^jv € Q^ifi,!)- With the notation same as in Lemma 3.2, 
by Lemma 3.2, we have 

oo 



k=0 



in Go{P,j), which means that as L — >■ oo, 

L 



N, 



k=0 



0, 



e(/3,7) 



where Dk{-,y) G G{y,2 '',e',e') for any e' G (e, 1)- To finish the proof of (3.1), it suffices 
to show that 



(3.5) 



k=0 



with its norm depending on L and A'^. To see this, for any e' > and G {0, 1, • • • , L}, 
we have that for all a; G Af, 



(3.6) 



\DkiiJN)ix)\ 



< 



d{x,z)<C42-k+i 
1 



Dk{x,z)tpN{z)dii{z) 



X Vi {x) + V{x, z)\_l + d{x, z) _ 



Vi{xi) + V{xi,z) \_l + d{xi,z)_ 



< 



Vi{xi) + V{xi,x) 



1 + d{xi,x) ' 



and that for ah x, y e X with d{x,y) < (C4 V 1)2^"*^, 



(3.7) 



J 

Jd 



d(x,z)<(C4Vl)22- 



[Dk{x, z) - Dk{y, z)]tpN{z) dn{z) 



V{x,z) 



il+e' 



X 



Vi{xi) + Vixi,z) 



1 + d{xi, z)_ 



1 + d{x, z) 

diJi{z) 



< 



d{x,y) 



1 + d{xi,x) Fi(xi) + V{xi,x) 



1 



1 + d(a;i, a;) J ' 
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where the impHcit constants depend on L and N. The estimates (3.6) and (3.7) further 
imply that if d{x,y) < [1 + d{x,xi)]/2, then 



(3.8) 



\Dk{^N){x) - Dki^N){y)\ 
d{x,y) 1 



< 



1 + d{xi,x) Vi{xi) + V{xi,x) [1 + d{xi,x) 



with the implicit constant depending on L and N. 

Observe that for G {0, 1, • • • , L}, Dk{--, z) € Q{z, 1, e) with its norm depending on 
L. By (3.6) with e' = ?, we obtain that for all x E X, 



(3.9) 



1 



\DkDk{'lljN)ix)\ < , . s . ... N 1 , ^/ N 

Ix Vi{x) + V[x,z) ll + d{x,z) 



1 



1 



< 



Vi{xi) + V{xi,z 
1 

Vi{xi) + V{xi,x) 



1 



1 + d{xi, z 
1 

1 + d{xi, x) 



diJ,{z) 



with the implicit constant depending on L and A^, and that for all x, y & X with d{x, y) < 
[l + d(x,xi)]/4, 

\DkDk{iJN){x) - DkDk{^PN){y)\ 

= / [Dk{x,z) - Dk{y,z)][Dk{ilJN){z) - Dk{ilJN){x)]dn{z) 
Jx 

^ r ~ 

= V / [Dkix,z)-Dk{y,z)][DkiipN)iz)-Dk{i^N)ix)]dn{z) =h + h + h, 

i=i 

where Wi = {z&X : d{x, y) < [1 + d{x, z)]/2 < [1 + d{x, xi)]/4}, 

W2 = {zeX: d{x, y)<[l + d{x, xi)]/4 < [1 + d{x, z)]/2}, 
and W3 = {zeX : d{x,y) > [1 + d{x,z)]/2}. For h, by (3.6) and (3.8), we have 



h < 



Vi{x) + V{x,z) [l + d{x,z)_ 



< 



d{x,y) 
1 + d{x, z) 

d{x, z) 

1 + d{xi,x) \ Vi{xi) + V{xi,x) \_1 + d{xi,x) 
d{x,y) 



d^{z) 



_l + d{xi,x)\ Vi{xi) + V{xi,x) \ l + d{xi,x)\ ' 



where all implicit constants depend on L and iV, and we used the following estimate that 
for all X ^ X, 



(3.10) 



Lvi{x) + 



1 



V{x,z) 



1 + d{x, z)_ 



dii{z) < 1. 
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To estimate I2, by (3.6) and (3.10), we obtain 



l9< 



L 



d{x,y) 
X \ \^d{x,z) 

1 



1 



Fi(x) + y(x,z) 

1 



1 + (i(x, z) 

2e 



< 



Vx{xx)^V{xx,z) [l + (i(xi,z) 



d{x,y) 



Vi{xi) + V{xi,x) [1 + d{xi,x) _ 



2e 



dii{z) 



1 + d{xi,x) 



Vi{xi) + V{xi,x) 



1 + d{xi,x) 



where the impUcit constants depend on L and N . 

If 2; G then d{x,z) < 2d{x,y) < [1 + d{x,xi)]/2, which together with (3.8) and 
(3.10) imphes that 



/3< 



X 



< 



\Dk{x,z)\ + \Dk{y,z)\ 



d{x, y) 



d{x, z) 



1 + d{xi,x) Vi{xi) + V{xi,x) 



1 + d{xi,x) 



dpL^z) 



1 + d{x\^x) 



Vi{xi) + V{x\,x) + d{xi,x)\ 



where the imphcit constants depend on L and N . 

Thus, for all x, y ^ X with d(x, y) < [1 + d{x, a;i)]/4, 

\DkDk{iJN){x) - bkDk{^N){y)\ 



< 



d{x,y) 
1 + d{x\,x) 



Vi{xi) + V{xi,x) 



1 + d{xi,x)\ ' 



which together with (3.9) further implies that this estimate also holds for all x, y ^ X with 
d{x,y) < [l + d{x,xi)]/2. Thus, {-DfeDfe(f/'Ar)}^=o ^ with their norms depending on 

L and N and hence (3.1) holds. This shows that Qq{(3,^) = Qq{(3,j). 
To finish the proof of Theorem 1.1, we still need to show that 

(3.11) G'oiP,l)<^OliP,l)- 

To this end, fix any i/j G Q{e, e) and let cj) be as in (3.2). For any AT G N, let 

' d{x, xi] 



tjjN{x) = tp{x)cl-> 



Let {Sk}kez be as in Lemma 3.1. We then define 



iV 



gN{x) = tpN{x) 



/ il)N{z)dii{x 
Jx 



z) \ 5o(x,xi). 



Then 
(3.12) 



/ gN{x)diJ,{. 
Jx 



x) = 0, 
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and since ip{x) diJi,{x) = 0, we have 



(3.13) 



X 



< 



ip{z) - iI)n{z)] dii{z) 

J d 



d{x,xi)>N Vi{xi) + V{xi,z) 



1 + d{xi,z)_ 



dii{z) 



where e' G (0,e). Prom (3.3), (3.4) and (3.13), it follows that 

11^ - ffiv|b(;3,7) ^ ll^lb(e,e) | + + ^ 0' 

as — 7> oo. By (3.12) and noticing that gi\f has bounded support, it is easy to see that 
57V G ^(e,e') for any e' > 0. In particular, G QoiPjl)- With the notation same as in 
Lemma 3.1, by Lemma 3.1, we have 

oo 

9N = ^ DkDk{gN) 
k=—oo 

in QoiP,^), which means that as L — >■ oo, 

L 



5iv - XI ^kDk{gN) 



k=-L 



0, 



6(/3,7) 



where -Dfc(-, y) G Q{y, 2~^, e', e') for any e' G (?, 1). An argument similar to (3.5) gives that 
Df^Df^{gj\[) G Q(e,e) with its norm depending on N and L, which completes the 
proof of (3.11) and hence the proof of Theorem 1.1. □ 



4 New characterizations of B^^(A') and F^^(A') 

This section is devoted to the proof of Theorem 1.2. Wc first recall the notions of 
homogeneous Besov spaces Bp^g{X) and Triebel-Lizorkin spaces ^(A'), and the inho- 
mogeneous Besov spaces Bp^g{X) and Triebel-Lizorkin spaces Fp^^^X) introduced in [9]. 
We point out that when we mention the homogeneous Besov spaces Bp q{X) and Triebel- 
Lizorkin spaces Fp q{X), we always assume that fi{X) = oo since they are well-defined 
only when /x(Af) = oo. Denote by n the "dimension" of X; see Section 2. 

Definition 4.1. Let n{X) = oo, e G (0, 1) and {Sk}kez be an approximation of the 
identity of order e with bounded support. For A; G Z, set D^. = Sk — Sk-i- Let < s < e. 

(i) Let n/{n + e) < p < oo and < q < oo. The homogeneous Besov space Bp g{X) is 
defined to be the set of all / G (^o('^'7))' some /3, 7 satisfying 



(4.1) 



s < P < e and max{s — n/p, n{l/p — 1)+} < 7 < e 
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such that 

{oo 
fe=— oo 

with the usual modifications made when p = oo or q = c». 

(ii) Let n/{n + e) < p < oo and n/(n + e) < g < oo. The homogeneous Triebel-Lizorkin 
space Fp q{X) is defined to be the set of all / G {QoiP,^))' for some j3, 7 satisfying (4.1) 
such that 

{00 ^ 1/9 

k=—oo ) 



< 00 

LP{X) 



with the usual modification made when q = 00. 



To define the inhomogeneous Besov and Triebel-Lizorkin spaces, we need to first recall 
the following construction given by Christ in [2] , which provides an analogue of the set of 
Euclidean dyadic cubes on spaces of homogeneous type. 

Lemma 4.1. Let X be a space of homogeneous type. Then there exists a collection {Q^ C 
A": feeZ, a & Ik} of open subsets, where is some index set, and constants S E (0, 1) 

and C5, Cg > such that 

(i) n{X \ VJaQa) = for each fixed k and n = if a ^ 13; 

(ii) for any a, /3, k and I with I > k, either C or n = 0; 

(Hi) for each {k,a) and each I < k, there exists a unique P such that C Q^; 

(iv) diam(Q^) < C^Sl" ; 

(v) each contains some ball B{z^,CqS^), where z\ G X. 

In fact, we can think of as being a dyadic cube with diameter rough and centered 
at z\. In what follows, to simplify our presentation, we always suppose 5 = 1/2; see [9] for 
more details. 

In the following, for /c S Z and r G /^., we denote by Qt*^, v 2, • • • ,N{k,T), the 
set of all cubes Q^t'' C Q^, where is the dyadic cube as in Lemma 4.1 and j is a fixed 
positive large integer such that 2~^C5 < 1/3. Denote by Zr''^ the "center" of Qr'" as in 
Lemma 4.1 and by yr''^ a point in Qr''^. 

Definition 4.2. Let e G (0, 1) and {Sk}k£Z+ be an inhomogeneous approximation of 
the identity of order e with bounded support as in Definition 3.1. Set Dq = Sq and 

Dk = Sk - Sk-i for /c G N. Let {Qr'" : r G /q, = 1, • • • ,N{0,t)} with a fixed large 
J G N be dyadic cubes as above. Let < s < e. 

(i) Let n/(n + e) < p < 00 and < g < 00. The Besov space Bp g{X) is defined to be 
the set of all / G {GoiP,^))' for some /9, 7 satisfying 

(4.2) s < /3 < e and n{l/p - 1)+ < 7 < e 
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such that 



N{0,t) 



1/p 



mQO,.{\Do{f)\ 



1/? 



1 



< oo 



with the usual modifications made when p = oo or g = oo. 

(ii) Let ra/(n + e) < p < oo and n/(n + e) < q < oo. The Triebel-Lizorkin space ^(A') 
is defined to be the set of all / G (QoiP^))' for some P, 7 satisfying (4.2) such that 



N{0,t) 



1/p 



+ 



.fc=i 

with the usual modification made when q = 00. 



1/5 



< 00 



LP(X) 



Recall that the local Hardy spaces h^{X) = Fp 2i'^) when p € {n/{n + 1), 00); see [9]. 

Definition 4.3. Let e € (0, 1) and s G (0,e). 

(i) Assume that iJi{X) = 00, and let {Sk}kez be an approximation of the identity of 
order e with bounded support. For A; G Z, set Dj^ = — S^-i- Let n/(n + e) < q < 00. 
The Triebel-Lizorkin space F§^ q{X) is defined to be the set of all / G {QoiP,"/))' for some 
P, 7 satisfying s < P, 7 < e such that 



F" (X)= sup sup 



ma) 



1/9 



< 00, 



where the supremum is taken over all dyadic cubes as in Lemma 4.1 and the usual modi- 
fication is made when q = 00. 

(ii) Let {5'fe}fcGZ+ be an inhomogeneous approximation of the identity of order e with 
bounded support. Set D}. = Sk — Sk-i for A; G N and Dq = Sq. Let {Q^''^ : r G /qj = 
1, • • • ,iV(0,r)} with a fixed large j G N be dyadic cubes as above. Let < s < e and 
n/{n + e) < q < 00. The Triebel-Lizorkin space F^^q{X) is defined to be the set of all 
/ G {GoiP, 7))' for some /3, 7 satisfying s < (3 < e and < 7 < e such that 



sup mQO,.{\Do{f)\), 
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sup sup 



1/9" 



< CXD, 



where the suprcmum is taken over all dyadic cubes as in Lemma 4.1, and the usual 
modification is made when q = oo. 

For a given e G (0, 1), it was proved in [9] that the definitions of the spaces Bp^g{X), 
F^ g{X), F^ g{X), B^ g{X), i^^^ ( ) aud F^ q{X) are independent of the choices of the 

approximation of the identity and the distribution space, {QQiP,^))' with suitable /3, 7, 
respectively, the inhomogeneous approximation of the identity and the distribution space, 
(GoiP,^))' with suitable 13, 7 as in the above definitions. From Theorem 1.1, it is easy to 
see that the definitions of these spaces are also independent of e. 

Corollary 4.1. Let p e {n/{n + I), 00] and sG (0,1). 

(i) If e G (max{s,n(l/p — 1)+},1) and q G (0, 00], then the definitions of the spaces 
Bp g{X) and Bp g{X) are independent of the choices of e as above, the approximation of 
the identity and the distribution space, (^o(/^'7))' ^^^^ 7 i^-^)' respectively, the 

inhomogeneous approximation of the identity and the distribution space, {Gq{P,j))' with 
P, 7 as in (4.2). 

(a) If q G (n/(n + l),oo] and e E (max{s, n(l/]9 — 1)+, n(l/g — 1)+}, 1), then the 
definitions of the spaces Fp q{X) and Fp g{X) are independent of the choices of e as above, 

the approximation of the identity and the distribution space, (^o(/^'7))' ^^^^ 7 
(4.1), respectively, the inhomogeneous approximation of the identity and the distribution 
space, {QoiP,^))' with (3, 7 as in (4.2). 

Remark 4.1. (i) In the definitions of the spaces Bp g{X), Fp g(X), F^^^{X), Bp^^{X), 
Fp^g{X) and F^^g{X) as in Definitions 4-1, 4-^ o^^id 4-3, the approximations of the identity 
are not necessary to have bounded support; see [9]. All the conclusions in Corollary 4-1 
are still true. 

(a) When s G (—1,0], the spaces Bp g{X) and Bp g{X) with p G {n/{n + l),oo] and 
q G (0,00] and the spaces Fp g{X) and Fp^q{X) with p, q G {n/{n + l),oo] are also well 
defined; see [9]. Moreover, some conclusions similar to Corollary 4-1 o,fe also true for 
these spaces. 

(Hi) From now on, when we mention the spaces Bp ^i^X), Fp g{X), Bp g{X) and 
Fp^ij{X) with s G (0,1), we always mean that we choose e as in Corollary 4-1 o,fid then 
define these spaces as in Definitions 4-1, 4-^ o,i^d 4-3. 

To prove Theorem 1.2, we need the following Calderon reproducing formula established 
in [9, Theorem 4.14]. 

Lemma 4.2. Let e G (0, 1) and {Sk}k&+ be an inhomogeneous approximation of the 
identity of order 1 with bounded support. Set Dq = Sq and = S^ — Sk-i for /c G N. Then 
for any fixed j large enough, there exists a family {Dk{x,y)}kez+ of functions such that 
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for any fixed yp" G Qr'*^ with k E N, t E 1^ and i/ = 1, - ■ ■ , N(k, r) and all f G {QoiP, 7))' 
with < P, 7 < e and x E X, 

JV(0,r) 

/(^)=E E / o^-^o(a;,y)ciM(y)mQO,.(L»o(/)) 



00 



N{k,T) 



fe=l re/fc i/=l 

where the series convergence in (GoiP,^))'- Moreover, for any e' G (e, 1), there exists a 
positive constant C depending on e' such that the function D}^(x,y) satisfies (i) and (ii) 
of Lemma 3.1 and (Hi)' of Lemma 3.2 for k G Z_|_. 

Proof of Theorem 1.2. For A; G Z, let Dk = Sk- Sk-i- Wc also choose e G (s, 1). We first 
show (i). If / G hP{X) and (1.2) holds, by Definition 4.2, there exist j5 and 7 as in (4.2) 
such that / G (^o(/^;7))' and 



hp{x) = ' 



+ 



N(0,t) 

E E ^'(Qrn [m^oAiDoim 

^ 1/2 

Ei^^(/)i' 



i/p 



LP{X) 



From this and Definition 4.2 together with Corollary 4.1, it follows that 

r n(o,t) ^ 

E E KQ'rn[mQoAmf)\) 

{00 ^ v? 

^2'=^'^||D,(/)||^,(^)| < ||/|U.(;,) + Ji< 00, 

where Ji is as in Theorem 1.2. Thus, / G Bp^^^X). 

Conversely, assume that / G Bp q{X). By Definition 4.2 again, we know that / G 
{GoW,!))' for some 7 as in (4.2). Recall that for all {aj}j C C and r G (0, 1], 



(4.3) 

If p/2 < 1, by (4.3), we have 

' 00 

J2\^k{f)\' 



1/2 



LP{X) 



<<|Eii^^(/)iiin^)| • 



.fe=i 
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Prom this, (4.3) when q/p < 1 and the Holder inequahty when q/p > 1 together with the 
assumption that s > 0, it further follows that 



1/2 



.k=l 



< 



1/9 



LP{X) 



.k=l ) 



^ \\J\\Bl^{X), 



which together with Definition 4.2 shows that / G hP{X) and ^ ^{x)- 



lip/2 > 1, by the Holder inequality and the assumption that s > 0, we have 

1/2 



,k=l 



LP{X) 



.k=l 



Then an argument similar to the case p/2 < 1 also yields that / G /i^(A') and ||/||/ip(a') ^ 
On Ji, we have 



^ k=—oo 

<Zi + 



where 



1/9 



^1 ^ E 2'=^'P^(/)iii.w 



> A;=— oo 



Using the notation as in Lemma 4.2, since / G {Qhil^il))' ■> by Lemma 4.2, for all z ^ X, 
we have 

N{0,t') 



/(^)=E E [ ^^,Do{z,y)dpi{y)m^oy{Do{f)) 
T'eio v'=\ ■'^t' 



'eio 

oo 



N{k',T') 



in (^o(/3'7))'- Obviously, Dk{x, •) G ^qI/^'T)- Thus, we obtain that for all x e X, 

Nioy) 

(4.4) DkU){x)=Yl E l^jDkDo){x,y)d^i{y)m^oy{DoU)) 
T'eio v'=i ■^Qt' 



'eio 

oo 



N{k',T') 

+ E E E /^(Q^''^')(^^5,0(x,yJ''^>fcK/)(y''''') 

= /l+/2. 
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For any e' G (e, 1), A; < and y'^f G Q^f , by the size conditions of Dq and Sk, for all 
X, y E X, we have 

\iDkDo){x,y)\-- 



Dk{x,z)Do{z,y)dii(z) 



X 



J 

Jd 



1 



-ke' 



d{x,z)>d{x,y)/2 V2-u{x) + V{X, z) [2 k+ d{x, z)Y' 

Vi(.)+V(.,y) [l + diz,y)Y' '^^^'^ + 



y)>d(x,y)/2 



-ke' 



< 



V2-k{x) + Vix,y) [2-k + d{x,y)Y' 
1 1 



+ 



Viix) + Vix,y) [l + d{x,y)Y' 



< 



1 



-ke' 



V^-.ix) + V{x,yy) [2-k + d{x,yy)Y' 
1 1 



+ 



Vi{x) + V{x,yy)[l + dix,yy)Y'' 



From this and Lemma 5.3 of [9] with n/(n + e') < r < 1, it follows that for all x & X, 

N{0,t') 

(4-5) |/i|<E J2 ^^Qr'')^QO,A\So{f)\) 



■)-ke' 



\ V^-u (x) + V{x, y^f) [2-k + d{x, yy)Y' 

I I \ 

Vi{x) + V{x,yy)[l + d{x,yy)Y' 



N(0,t') 
,r'G/o v' = l 



1/r 



XQoy I (x) 



If we choose r < p, by (4.5) and the LP/''(A')-boundedness of M, we have 



1 



1/9 



E ^"'IIAIli.,;,, 

< J ^ 2k[s+n{l-l/r)]q 



k=—oo 



X 



Af(O.r') 



p/r 



1/9 
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< 



N{0,t') 



i/p 



< 



^qOx(|So(/)|) 

To estimate I2, we first recall that by [9, Lemma 3.2], for all x e X and k < k', 

1 



(4.6) mDk'){x,yy)\<2'(>''-''y 



2-fce' 



[2-^ + d(a;,yj:'^')]^'' 

Notice that if a; G Qr''', then 

(4.7) y^-Avy ) + V{x,yy) r. V^..{yY) + V{y^^\yy) 
and 

(4.8) 2-'= + d{x,yy) ~ 2-'= + d(y^^ yj''"^'). 

From (4.7), (4.8), (4.3) and Lemma 5.2 of [9], it follows that when n/(n + s) < p < 1, 
^ V? 



, fe=— 00 



< 



, A;=— 00 



Ar(fc,r) C 00 7V(fe',T') 

E E MQ^") E E E 2-('='-^)^V(Qj:''^') 

T6/fc 1^=1 [fe'=lr'64, ^^'=1 



< 



x|-C^A;'(/)(yT'' )It7 / k\u\ , -.r, k,v kFyZ rr,_j, , ,/ k,u ¥yT77 ( 

V2-k{y^/ ) + V{yr' ,y^/ ) [2 + d{yr' ,y^,' )Y J 

N{k',T') 

{k'-k)e'p 



g/p\ V</ 



E E E E 2 

fc=-oo \fc'=lr'e4/ ^'=1 



M(Q?''^')P.'(/)(i''^')ll' 



< 



' / 00 

j ^ 2-('='-'=)[«'+*-"(Vp-i)]p2*^'*^' 

, fe= — CX) \fe' = l 



N(k'.T') 

X E E M(Q^'''')iA'(/)(2/j: 

t'g4, i/'=i 

r 00 ^ 1/9 

< 



1/9 



<^2'='^^||i^,,(/)|| 

U'=i 



q 

LP{X) 
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where in the third-to-last inequahty, we used the fact that 



and in the penultimate inequality, we used the arbitrariness of y^,' G Q^,' , (4.3) when 
q/p < 1, or the Holder inequality when q/p > 1. 

From the arbitrariness of y^,'^ G Q'Ii'" again, it is easy to see that 



N{k',r') 



k'=\ 



1 



-fee' 



xV^-u{x) + V{x,y) + d{x,y)\ 



By this estimate, the Holder inequality, (3.7) and the arbitrariness of y^,'^ G Q^,'^ , we 
obtain that when p G (1, oo). 



, fe=— oo 



< 







1 



1/9 



, fe=— oo 



N{k',T') 



E E E 2-(^'-^)(^'+^)2'^'^v(Qj>')|z^,,(/)(rf''^')r 



X V^-.{yy) + V{x,yy) [2-^ + dix^y';,^"' )] 



k'y 



< 



E 

A;=— oo 



2-('='-fc)(e'+^)2^'^P||Dfc,(/)|, 

>| 1/9 



.k'=l 



P 

LP{X) 



q/p' 



1/9 



< E2''^''II^^'(/)IIW) 

U'=i ) 



^ \\J\\B^^^{X), 



where in the penultimate inequality, we used the arbitrariness of y^,''^ G Q'^/'^ , (4.3) when 
q/p ^ 1, or the Holder inequality when q/p > 1. 

Thus, Zi < and therefore, Ji < ^^-j, which completes the proof of 

Theorem 1.2(i). 

To show (ii) of Theorem 1.2, if / G hP{X) and (4.2) holds, by an argument similar to 
(i), then it is easy to see that / G F^g{X) and \\f\\F^^^{x) ^ \\f\\hp{x) + J2, where J2 is as 
in Theorem 1.2. 

Conversely, if / G Fp g{X), since 
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(see [9, Proposition 5.31 (iii)]), we have that f E max(p ^^'^ hence, by (i) of 

Theorem 1.2, / G /if(A') and < 11/11^. ^(;,). 

To estimate J2, we have 



J2< 



1/9 



k=—oo , 

^^2 + ||/||f,»,,W, 



+ 



1/-/ 



where 



.fc=i 



1/9 



, k=—oo 



Assume that / e {GoiP,!))' for some /3, 7 as in (4.2). Write -Dfc(/) as in (4.4). By (4.5) 
with n/(n + e') < r < 1, e' G (e, 1) and the i7'/''(A')-boundedness of M with r < p, we 
obtain 



1/9 



^k=—oo 



LP{X) 



< 



1/9 



, fe=— 00 > 



N{0,t') 







1/r 


m^ox(|5'o(/)|) 













iV(0,r') 



1/p 



"^q0.'(I^0(/)|) 



< 



where in the penultimate inequahty we used the assumption p > n/{n + s). 

To estimate I2, by (4.6) and Lemma 5.3 of [9] with n/{n + e') < r < 1, for ah x E X, 
we have 



Nik'y) 



l/r 



\h\ < E 2-(^'-'=)^' {MiY E \Dk'{f)iyyWxQ.y (x) 

k'=l { V-r'e/fc/ i/'=l 

00 

<^2-('='-^)^'{M(|i5fe,(/)r)(^)}'/^ 



fe'=i 



where in the last inequality, we used the arbitrariness of y^,'^ G Q^,'^ . Prom this. Lemma 
3.14 of [9], (4.3) when g < 1, or the Holder inequality when g > 1, it follows that 



1/9 



k fc=— 00 
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/ oo 



, fc=— oo \A:'=1 




>> 1/9 



1/9 



>fc'=l 



< 



LP (A") 



LP (A") 



where we chose r < min{p, q}. 

Thus, Z2 < ll/lliTs and therefore, J2 < II/IIf^ (a*)) which completes the proof of 
Theorem 1.2. □ 



5 Local integrability of B;^^{A:), F;^^{A:), B^^iX) and F;^^{X) 

We first recah the following (locally) i7'(A')-integrability of elements in Besov spaces 
and Triebel-Lizorkin spaces, which were essentially given in the proof of Proposition 4.2 
in [13]. Here we sketch it for the convenience of readers. 



Proposition 5.1. Let s ^ (0,1) and p ^ (n/(n + 1), 00]. Then, 

(i) B;^q{X) C L\^^ {X) for q G (0, 00] and F^^iX) C L\^^ {X) for q E {n/{n + 1) 

(ii) B'p q{X) C L^iX) for q G (0, 00] and F^^^{X) C LP{X) for q G (n/(n + 1), 



00 



00 



Proof. It was proved in [13, (4.4)] that Bp g{X) C L^^^^ (X) for s, p, q as in the proposition, 
which together with F^^^{X) C B^ .^^^^^^^^{X) for s £ (0,1) and p, q e {n/{n + l),oo] 
(see [9, Proposition 5.10(ii)] and [9, Proposition 6.9(ii)]) further implies that F^ ^{X) C 

To show (ii), by F;^^^{X) C B'^^^^^^^^^{X) (sec [9, Proposition 5.31 (iii)]), it suffices 
to establish the conclusion for Bcsov spaces. Moreover, this was given in the proof of 
Proposition 4.2 in [13], which completes the proof of Proposition 5.1. □ 

As a corollary of Proposition 5.1 and the Holder inequality, we have the following 
obvious conclusions. 

Corollary 5.1. Let s G (0,1) and p G [l,oo]. Then, 

(i) B;JX) C Ll^ (X) for q G (0, 00] and F;^^{X) C L\^^ {X) for q G (n/(n + 1), 00]; 

(ii) B;JX) C Ll^ (X) for q G (0, 00] and F^JX) C L^^ (X) for q G (n/(n + 1), 00]. 

Comparing Corollary 5.1 with the corresponding conclusions of Besov and Triebel- 
Lizorkin spaces on M" in [16, Theorem 3.3.2], the corresponding conclusions for X whenp G 
(n/ (n+s), 1) are missed. To obtain these cases, the method in [16] strongly depends on the 
embedding theorems for different metrics on in [17, p. 129]. However, such embedding 
conclusions are not available for X due to the fact that for an RD-space X, its "local" 
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dimension may strictly less than its global dimension such as classes of nilpotent groups; see 
also [9]. But, using the inhomogeneous discrete Calderon reproducing formula, Lemma 4.2, 
and some basic properties of Besov and Triebel-Lizorkin spaces, we can improve Corollary 
5.1 into the following proposition, which, according to [16, Theorem 3.3.2], is sharp even 
for Euclidean spaces. 

In what follows, for |s| < 1, let 

p{s) = max{n/ {n + 1), n/(n + 1 + s)}. 

The properties of Besov and Triebel-Lizorkin spaces on RD-spaces in the following 
Lemma 5.1 can be found in [9]. 

Lemma 5.1 ([9]). Let \s\ < 1. 

(i) Forp{s) <p<oo, Blq^{X) C B^^^iX) when < qo < qi < oo, and F^g^iX) C 
Fp,qii'^) when p{s) < qo < qi < oo. 

(ii) Let -1 < s + 9 < 1 and e > 0. Then for p{s) < p < oo, B^+l{X) C B^ g^{X) 
when < qo, qi < oo, and Fp+^(A') C Fp q^{X) when p{s) < qo, qi < oo. 

(ni) If Pis) <p,q<oo, then B^^^^^^^iX) C C B^^^^^^^^iX). 

(iv) F^^i^) = LP{X) for p G (l,oo), -Fi^sW = h^i^) and F^J^^) = bmo(A') with 
equivalent norms. 

With the aid of Lemma 5.1, we further have the following conclusions. 

Proposition 5.2. Let s G [0,1). Then 

(i) B^g{X) C L\^^{X) if eitherp G (n/(n + 1), oo], s G (n(l/p - 1)+, 1), q G (0, oo] or 
p G (n/ (n + 1), 1], s = n{l/p — 1), q € (0, 1] or p G (1, oo], s = 0, g G (0, min(p, 2)]; 

(ii) F^giX) C L\^^ (X) if either p G (n/(n + 1), 1), s = n{l/p -l),qe {n/{n + 1), 1] 
or p e (n/{n + 1), 1), s G {n{l/p — 1), 1), q G (n/(n + 1), oo] or p e [1, oo], s G (0, 1), 
q G {n/{n + 1), oo] or p ^ [1, oo], s = 0, g G (n/(n + 1), 2]. 

Remark 5.1. Comparing Proposition 5.2(ii) with the sharp result on M" in [16, Theorem. 
3.3.2(i)], the conclusion that Fp^q{X) C L\^^ (X) when p G (n/(ra + 1), 1], s = n{l/p - 1) 
and g G (1, oo] is still unknown. But it is easy to show that this is true if X is an Ahlfors 
n-regular metric measure space, by using the embedding theorem in [22]. 

Proof of Proposition 5.2. To show (i), we consider the following several cases. Case (i)\ 
p £ [1, oo], s G (0, 1) and q G (0, oo]. In this case, by (ii) and (iii) of Lemma 5.1, we have 
Bp g{X) C B^ mm{p2)('^) -^p 2('^)' which together with Lemma 5.1(iv) and the known 
facts that LP{X) for p G (l,oo), h^{X) and bmo(^) are all subspaces of L\^^{X) further 
implies that in this case, B^ ^{X) C L\^^{X). (This case is also included in Corollary 
5.1(ii).) 

Case (i)2 p £ {n/ (n + 1), 1), s > n{l/p — 1) > and q G (0, oo] or p G (n/ (n + 1), 1), 
s = n{l/p— 1) and q G (0, 1]. In this case, we need to use Lemma 4.2. Let all the notation 
be as in there. By Lemma 4.2, we know that for ell x E X 

NiO,T) 

f(.^) = y2 Y] "^QO,.(r'o(/)) / ^ Do{x,y)diJ,{y) 
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oo Nik,T) 

k=l T&I^. V=\ 

holds in {Qq{I3,^))' with e G (s, 1) and /?, 7 as in (4.2). To show the conclusions in this 
case, it suffices to prove that for any Iq < 0, 



Ibi 



\f{x)\dn{x) < 00. 



lB{xi,2-h) 

To this end, set E^'q = {(r, u) : yr''" G 2-'o+2)} and for I G N, 

Then by the size condition of Dfe, for all a; G A", we have 

7V(0,t) ^ 

(5.1) i/(x)i<^ Yl KQ'rnmQoAmm 



Viix) + Vi{y^r''') + V{x,y'. 



relo 1^=1 



1 



X- 



[l + d(x,yr)] 

00 N(k,T) 

+ EE E MQr''^)|^fc(/)(y'''^) 

fe=l relk ^^=1 



-fee' 



F2_.(x) + V^-k{y'rn + V{x,y^rn [2-^= + d(x,2/^^)]^ 

00 A'(0,r) 

EE E XEO,.(r,..)/.(g^)mQO,.(|I)o(/)|) 
;=0 Tg/o 1^=1 



X 



Fi(x) + yi(y^) + F(x,y?''^) [1 + d{x,y'rnY' 

00 00 N(k,T) 

+EEE E xe'=.(t,^^)/x(q^'^) i)fe(/)(2/^ 

T,/ 



fe=l 1=0 relk '^=1 



-fee' 



X- 



V,-,ix) + 1^2-^ (yr''^) + Vix,y'^n [2-fe + d(x,2/^^)] 
where e' G (e, 1). For any (r, i^) G -E^'q , it is easy to see that 

1 2-*^^' 



(5.2) / 



B(xi,2-'o) F2_fc(x) + y2-'=(yr'") + V{x, y^) {^'^ + d(x,y^'^)] 



T du,(x\ 



< 



1 



)-fce' 



y^-^ {yV) + l^(x, y^''^) [2-fc + d(a;, y^''^)] 
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and that 

(5.3) //(S(xi,2-'°)) < /.(i?(y^'^2-'°+3)) < 2(^-'")Xg^''^). 
For any (r, v) G -B^f with / G N and x G 2-'°), we have 

(5.4) dix, y';n > d{xi,yln ' d{x, xi) > d(xi, y^^)/2 > 2'-'° 
and B{xi,2-'-o) C Biyr'" ,2^^^'^°), which both imply that 

(5.5) V{x,y^,n ~ V^(y^^x) > y(^/^^Xl) > /x(S(xi,2'-'o)) > 2'V(5(a^i, 2"'°)) 
and 

(5.6) /x(B(xi, 2-^0)) < 2(^+'-^o)V(Qr'")- 

From the estimates (5.4) and (5.5), it further follows that for any (r, v) G E^'^ with I G N, 



(5.7) / 

Je 



1 



-fee' 



5(0.1 ,2-'o) V^-,{x) + V^-,{y'r''') + V{x,y'rn [2-fc + d(a;,2/r)] 

2-fee' 1 



< 



The estimates (5.2), (5.3), (5.6) and (5.7) together with (5.1) and (4.3) yield that 



B(xi,2-h) 



\f{x)\dfi{x) 



< 



1=0 

oo oo 



oo JV(0,r) 

J2WT^J2 E X^o,.(r,.)MQ^)mQO,.(|i^o(/)|) 



< 



k=l 1=0 

2in(l/p-l) 



^ W(fc,T) 

+ EE^K7T^E E X^.,.(r,i^)MQ^''^)|l)fc(/)(y^'^) 



, 1=0 



2l{e'+K) 



N(0,t) 

5^ M(Q°'^) [mQO..(Po(/)iy 



1/p 



fe=i 



Ar(A:,r) 

^ ^ M(Q^'^)|i^/i(/)(y: 



1/p- 



T ) 



OO 



k=l 



where in the last inequality wc used the fact that e' + k > n{l/p— 1) and the arbitrariness 
of yr^ G Qt^ . Now if s > n{l/p — 1), by the Holder inequality when q G [l,oo] or by 
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(4.3) when q G (0, 1), and if s = n(l/p — 1) and q G (0, 1], by (4.3), we obtain from the 
last inequality that 



\f{x)\dfi{x)<\\f\\Bs ^x)<OC, 

B{xi,2-h) 

namely, / G L\^^ (X) in this case. 

Case (i)s p = 1, s = and q G (0, 1]. In this case, by (i) and (iv) of Lemma 5.1, we 
have Bl^{X) C B^^iX) C F^^W = L^X) C W- 

Case (i)4 p E (1, oo], s = and q G (0, mm{p, 2)]. In this case, (iii) and (iv) of Lemma 
5.1 and the Holder inequality yield that B^ g{X) C F^^2i^)i= ^{^) when p G (l,oo), 
= bmo {X) when p = oo) C L\^^ (X). All these cases complete the proof of (i). 

To prove (ii), we also consider the following four cases. Case (ii)i p G (ra/(n + 1), 1), 
s = n{l/p — 1) > and q G {n/{n + 1), 1]. In this case, by (iii) and (i) of Lemma 5.1, 
and the corresponding conclusion on B^ q{X), we immediately obtain that Fp^q^^ ^'*('^) ^ 

B'^Jl^lLi^) ^ Bf/^-'\x) c in 

Case (ii)2 p G {n/ (n + 1), 1), s G {n{l/p — 1), 1) and q G {n/{n + 1), oo]. In this 
case, Lemma 5.1(ii) and the conclusion in Case (ii)i imply that F^ ^{X) C F^^^^^ ^\'^) C 

Case (ii)^ p G [l,oo], s G (0,1) and q G {n/{n + l),oo]. Lemma 5.1(i) yields that 
-^p 2('^)' which together with Lemma 5.1(iv) and the known facts that U\X) 

for p G (l,oo), h}-{X) and bmo(Af) are all subspaces of L\^^{X) further implies that in 
this case, F.'^^q{X) C L\^^{X). 

Case p G [1, oo], s = and q G {n/{n + 1), 2]. In this case, Lemma 5.1(i) implies 
that Fp q{X) C Fp 2{'^)i which together with Lemma 5.1(iv) and the known facts that 
LP{X) for p G (l,oo), h^{X) and bmo (^) are all subspaces of L\^^{X) again further 
implies that in this case Fp q{X) is a subspace of L\^^{X). This finishes the proof of 
Proposition 5.2. □ 

To obtain some conclusions similar to Proposition 5.2 for the spaces Bp q{X) and 
Fp q{X), we need to overcome another difficulty, namely, there exists no counterpart to 
Lemma 5.1(ii) for the spaces Bp q{X) and Fp q{X). However, via Lemma 5.2, we can still 
improve Corollary 5.1(i) in this case into the following conclusions. 

Proposition 5.3. Let s G [0,1). Then 

(i) B;^g{X) C {X) if either p G (n/(n + 1), oo], s G {n{l/p - 1) + , 1), q G (0, oo] or 
p G (ri/(n + 1), 1], s = n{l/p — 1), q £ (0, 1] or p E (1, oo], s = 0, q E (0,min(p, 2)]; 

(ii) F^qiX) C Ll^ {X) if either p G (n/(n + 1), 1), s = n{l/p -l),qe {n/{n + 1), 1] 
or p £ (n/{n + 1), 1), s G {n{l/p — 1), 1), q G (n/(n + 1), oo] or p £ [1, oo], s G (0, 1), 
q G (ra/(n + 1), oo] or p E [1, oo], s = 0, g G (n/(n + 1), 2]. 

To prove Proposition 5.3, we still need the following discrete homogeneous Calderon 
reproducing formula established in Theorems 4.11 of [9]. 

Lemma 5.2. Let e G (0, 1) and {Sk}kez be an approximation of the identity of order 1 with 
bounded support. For G Z, set = Sk — Sk-i- Then, for any fixed j G N large enough, 
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there exists a family {-Dfejfegz of linear operators such that for any fixed ?/r'^ € Qr'*^ with 
k & 7,, T E Ik and v = I,-- - ,N{k,T), and all f G {GoiP,^))' with < /3, 7 < e and 

X e X, 

00 N{k,T) 

/(^)= E E E KQ'rnDk{x,y'^nmf)iy'rn, 

where the series converge in {Gq{/3, 7))'. Moreover, for any e' G (e, 1), there exists a positive 
constant C^j such that the kernels, denoted by Dk{x,y), of the operators satisfy (i), 
(a) and (Hi) of Lemma 3.1. 

Proof of Proposition 5.3. To establish (i) of Proposition 5.3, by Corollary 5.1(i), some 
properties similar to Lemma 5.1 (except (ii); see [9]) for the space q(^), we only need 
to consider the cases when p G {n/{n + 1),1), s G {n{l/p — 1),1) and q G (0,oo] or 
p G (n/(n + 1), 1), s = n{l/p — 1) and q G (0, 1]. Let / G Bp q{X) with s, p and q as 
above. We show that for any Iq G Z, 

(5.8) / |/(x)|d/x(x)<2-^o[--(Vf-i)l 11/11^, 

Let {Dk}k£Z and other notation be as in Lemma 5.2. Since / G Bp^^(X), by Definition 4.1, 
we know that / G (^o(/^'T))' with /3, 7 as in (4.1), where e G (s, 1) and p G (n/(n + e), 1). 
Thus, for any / G Qq{P,j), since j-^g{x) dji{x) = 0, by Lemma 5.2, we have 

if ^9)= E E E i^iQrnmmyrniDki-^y'rn-Dkixi^y'rn^d) 

00 Af(fc,T) 

+ EE E i^iQ'rnDkif)iyrn{Dk{;yrn,9)- 

k=lo relk 1/=! 

Thus, / is given by the (in (^o(/^'7))' "^^^^ 7 (^-l)) convergent series of functions 

E E E t^iQ'inmmyrn 

k=— 00 T&Ik ^^=1 

00 N{k,T) 

+ EE E MQr''^)^fc(/)(2/r''')^fe(^,yr''^)^^l+>^2. 

We now prove that (5.8) holds for Yi and Y2. 

By the regularity of Dk with e' G (e, 1), for all x G -Y, we have 

lo-l N{k,T) 

i^ii^ E E E ^^(^r'^) 



Dk{x,y',n - Dk{xi,y'rn 



DkifM 



k,u^ 



d{x, x\ 



k.v\ 



2-'' + d{xi,yp 
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<[d(a:,:ci)]^' J] 2^=^' ^ ^ /.(g^'^) 

fc=— oo re/fe 1^=1 

1 2-*^^' 
Since p G (n/ (ra + 1), 1), for k <lQ — \,\t is easy to see that 



1 



< 1 

~ F2-io(xi) 



k,u\ 



[2-'= + d(xi,yM^'P 

1-p 



2" fce'p 



[2-'= + d(xi,y^'^)]^'P 



< 



-, (i(x,y^^)<2 



1 9/n(l-p) 



< :^ . 

~ F2-io(xi) 

Using this estimate, we further obtain that for all x E X, 



i/p 



\Y,\<[d{x,X,)Y' ^ E l^iQrn\Dkif)iyr 

k=—oo \^TGlk 1^=1 

<[d{x,X,)f f2 2^(^'-^)2^^||i^fe(/)|U.(;,)<[d(x,Xl)]^'||,||^._^(^), 
fc=— oo 

where in the penultimate inequahty, we used the arbitrariness of Ur'^ G Qt''^ and in the 
last inequality, we used the Holder inequality when q G (l,oo], or (4.3) when q G (0,1] 
together with e' > s. Thus, 



B{xi,2-h) 



\Yi\d^{x)<\\f\\ 



The estimate for Y2 is similar to the proof of Case (1)2 in the proof of Proposition 
5.2(i). Let e'^'^ for / G be the same as in the proof of Proposition 5.2(i). By the size 
condition of D^, we have 



B(xi,2-h) 



\Y2\dii{x) 
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N{k,T) 



< 



k = lo 1=0 T&Ik 1^=1 

'I 

Je 



T J 



-fee' 



oo oo ^ N{k,T) 

^EE^u?t;^E E XE^Ar,i^MQ'rn D.ifUn 



2Ke'+K) ^ ^ 



oo 

Si: 

fc=io 

oo 



J=0 



2/n(l/p-l) 



Nik,T) 

TG/fc v=l 



l/p 



k,u^ 

T I 



where we omitted some similar computations to those used in the proof of Case (i)2 in the 
proof of Proposition 5.2. This finishes the proof of Proposition 5.3(i). 

To finish the proof of (ii) of this proposition, we only need to point out that if p G 
(n/(n + l),l), s G (n(l/p-l),l) and G (n/(n + 1), oo], thenF;,,(^) C C 

-^loc ('^)- '^^^ other cases are similar to the proof of Proposition 5.2. We omit the details, 
which completes the proof of Proposition 5.3. □ 

Remark 5.2. Similarly to Remxirk 5.1, if X is an Ahlfors n-regular metric measure space, 
p G (n/(n + 1), 1], s = n(l/p - 1) and q G (1, oo], then F^^q{X) C L\^^ (X). We omit the 
details. 
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